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NEEP 602 -- Engineering Problem Solving II

Exercise 4

Solving Boundary Value Problems in 1 Dimension

In this exercise we will be studying how to use Excel and Matlab to solve 1-dimensional boundary value problems. These are ordinary differential equations of at least second order where, instead of providing all the initial conditions at t=0, we provide conditions for at least 2 different values of the independent variable. Generally we are dealing with differential equations in space, rather than time, and the conditions are provided at the boundaries of the region of interest. This is the origin of the name of the class of problems.

Engineering problems that require the solution of 1-D boundary value problems include heat conduction, diffusion, beams, etc. Our model problem for this section will be determination of the temperature distribution in a fin used to cool a microprocessor.

Model Problem

As computer chips pack more devices into smaller volumes, the heat they generate becomes harder to dissipate. If chips overheat, they will begin to behave erratically and become useless. To avoid this problem, we increasingly see arrays of metal rods attached to the chips; these rods are called fins, and are designed to increase the surface area for heat transfer and thus provide enhanced cooling. In this case we will study the behavior of such fins and use the models we develop to design a cooling array for a typical Intel processor.

Mathematical Modeling


A fin is typically modeled as a device that conducts heat axially and transfers the heat to the surroundings through its side surfaces. The resulting differential equation is:
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where T is the local temperature, x is the distance from the base of the fin, h is the local heat transfer coefficient in the fin, C is the circumference of the fin, k is the thermal conductivity of the fin, A is the cross-sectional area of the fin, and Tf is the air temperature. The boundary conditions for a fin typically state the base temperature and also assume that the heat lost at the end of the fin is negligible. This last condition is equivalent to a zero gradient condition at the end of the fin. The most difficult aspect of this type of analysis is choice of the heat transfer coefficient.


Because most computers have fans in them, the heat transfer mechanism in these fin arrays is typically forced convection. The modeling of heat transfer in arrays of cylinders is quite complex, but we can approximate it using the following formula:

Nu=0.33(Re)0.6(Pr)(1/3)
where Nu=hD/k, Re=VD/(, Pr=((cp/k, D is the fin diameter, k is the thermal conductivity of the air, V is the air velocity, ( is the kinematic viscosity of the air, ( is the density of the air, and cp is the heat capacity of the air.


Once we’ve solved for the temperatures, we check the heat dissipated by using the fact that the local heat flux out of the fin in a differential element is Q=2(Rh(T-Tf)dx, and integrating this flux along the length of the fin (numerically). In this formula, R is the pin radius, h is the heat transfer coefficient discussed in the previous paragraph, and T is the local fin temperature, which varies with position.

Parameters

To complete this case, we will design the size and arrangement of an aluminum fin array for cooling a typical chip:

· Power to be dissipated = 30 W

· Surface area of chip = 0.002 m2
· Maximum Base temperature = 35 C

· Air velocity = 10 m/s

· Air temperature = 25 C

· Air density = 1.177 kg/m3
· Air heat capacity = 1005 J/kg-K

· Air kinematic viscosity = 15.7*10-6
· Air thermal conductivity = 0.0267 W/m-K

· Aluminum thermal conductivity = 200 W/m-K

Discuss your solution. In case you're not familiar with heat transfer calculations, the Prandtl number (Pr) should be a little less than 1, the Reynold's number should be a few thousand, and the Nusselt number should be about 30 for this problem.


















� EMBED Equation.3  ���








[image: image2.wmf]0

)

(

2

2

=

-

-

f

T

T

kA

hC

dx

T

d

_989951445.unknown

